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Abstract

We present a rigorous mathematical formalization of the mean-field game framework for
competitive market making. The model captures the strategic interaction among a contin-
uum of market makers who compete through their quoted bid and ask prices. We derive the
Hamilton-Jacobi-Bellman (HJB) equation governing the value function of a representative
agent, the Fokker-Planck equation describing the evolution of the inventory distribution, and
the master equation characterizing the full mean-field equilibrium. Optimal quote strategies
and arrival intensities are derived in closed form.
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1 Introduction

Market making involves continuously providing liquidity by posting bid and ask quotes. In
competitive environments, multiple market makers interact through their pricing strategies,
with order flow depending on relative quote positioning. The mean-field game (MFG) framework
provides a natural setting for analyzing such competitive dynamics in the limit of many agents.

This paper formalizes the mathematical structure of competitive market making as a mean-
field game. We present:

(i) The arrival intensity function capturing competition through relative quotes
(ii) The Hamiltonian structure of the optimization problem
(iii) Optimal quote and intensity formulas

)
)
(iv) The Hamilton-Jacobi-Bellman equation for the value function
(v) The Fokker-Planck equation for the inventory distribution

)

(vi) The master equation for the full mean-field system

2 Model Setup

2.1 State Variables
Consider a representative market maker whose state at time ¢ € [0, 7] is characterized by:
e ¢; € R: inventory position
e S; € R: mid-price of the asset
e 1 distribution of inventories across all market makers
The market maker controls:
e 7 € R: ask quote spread (distance from mid-price)

e 6V € R: bid quote spread (distance from mid-price)

2.2 Arrival Intensity

The competitive nature of market making is captured through the arrival intensity function.
Orders arrive to a market maker based on how their quotes compare to the best competing
quotes.

Definition 2.1 (Arrival Intensity). The arrival intensity for ask (sell) orders is given by:
A (0% ) = Aexp (=k (0% — 0in (1)) (1)
where:
e A >0 is the baseline arrival rate
o k>0 is the sensitivity parameter

o )¢

a . () = inf; §%7 is the minimum ask spread among competitors

Similarly, for bid (buy) orders:
N(@s ) = Aexp (= (8" = (1)) ) (2)

where 60 (1) = inf; §%9 is the minimum bid spread among competitors.

min



2.3 Dynamics

The inventory process ¢; evolves according to:
dg; = AN? — dN?

where N and N} are counting processes with intensities A% and \?, respectively.
The mid-price follows a Brownian motion:

dSt =0 th

where o > 0 is the volatility and W} is a standard Brownian motion.

3 Value Function and Hamiltonian

3.1 Value Function

The value function of the representative market maker is defined as:

T
V(t,q,S,n)= sup E U (52‘ AN + 6L dNY — ¢q2 dS) — g}
(59,5 ¢

where:
e ¢ > 0 is the running inventory penalty

e 7 > 0 is the terminal inventory penalty

3.2 Hamiltonian

Definition 3.1 (Hamiltonian). The Hamiltonian of the system is defined as:
H(6%, 6%, q,0,V; 11) = A%(6% ) (69 + 9,V) + A°(8; o) (5b - aqv)
Substituting the arrival intensity expressions:

H = Ae O =50n) (5% 4 9,V) + A+ ~0nin) <5b - aqv)

4 Optimal Controls

4.1 Optimal Quote Formula
Proposition 4.1 (Optimal Quotes). The optimal ask quote spread is given by:
1

1
§* — §@. -
min T k‘+k

log (1 +k0,V)
The optimal bid quote spread is given by:

1 1
5b,* — 511')nin + E + % lOg (]. — kaqV)

Remark 4.1. The optimal quotes depend on:
(a) The competitive minimum spread Omin
(b) The inverse sensitivity 1/k

(¢) A logarithmic adjustment based on the marginal value of inventory 0,V

QtZQaSt:S]

()



4.2 Optimal Arrival Intensity

Proposition 4.2 (Optimal Intensity). Substituting the optimal quote into the arrival intensity
function, we obtain:

A% = Aexp (—1 —log(1+ kd,V)) = e(lﬁm (10)
Similarly:
AP = Aexp (—1 —log(1 — k8,V)) = d1-éaw) (11)
Proof. From the optimal quote formula:
0 — 0 = % + %log(l +k0o,V) (12)
Thus:
—k(6%" — Opin) = —1 —log(1 4+ k 9,V (13)
Substituting into the arrival intensity:
AT = Aexp (=k(0"" — d5in)) (14)
= Aexp(—1—log(l+k0,V)) (15)
=% Teaw (1e)
O

4.3 Maximized Hamiltonian

Definition 4.1 (Maximized Hamiltonian). The mazimized Hamiltonian is obtained by substi-
tuting the optimal controls:
H* = H(6"", 8%* . q, 0qV'; 1) (17)
FExplicitly:
HE = X (0% 4 0,V) + A (87— 0,V) (18)

5 Hamilton-Jacobi-Bellman Equation

Theorem 5.1 (HJB Equation). The value function V(t,q,S) satisfies the Hamilton-Jacobi-
Bellman equation:

ov 1 ,0%V 9
v ¥ g2 =0 19
or TH T 57 e (19)
Definition 5.1 (HJB Equation - Expanded Form). The full HJB equation is:
ov ov ov 1 ,0°V
A A@* [ §a* A )\b,* 5b,* v -2 . 2 _ 0 20
ot " < +aq)+ < 8q>+20 gz~ ¥ (20)

for all (t,q,S) € [0,T) x R xR.



6 Fokker-Planck Equation

The distribution of inventories u:(q) across the population of market makers evolves according
to the Fokker-Planck equation.

Definition 6.1 (Drift Function). The drift in inventory space is defined as:

b(t,q) = X% (t,q) — \>*(t, q) (21)
representing the expected rate of inventory accumulation at state (t,q).
Theorem 6.1 (Fokker-Planck Equation). The inventory distribution u(t,q) satisfies:

Wt g 060) - it ) =0 (22)

Substituting the optimal intensities:

% * 30(] [(e(l +i: o) el —é 8qV)> “] =0 (23)

Remark 6.1. The Fokker-Planck equation is coupled to the HJB equation through the optimal
intensities, which depend on 0,V . This coupling is characteristic of mean-field games.

7 Master Equation

The master equation provides a unified description of the mean-field game, encoding both the
value function dynamics and the distribution evolution.

Definition 7.1 (Master Equation). Let U(t,q, S, m) denote the value function with explicit
dependence on the distribution m. The master equation is:

ou oU U\ | 1 ,0°U
S.m. 8 — . — —g?—— =0 24
ot +S§pH<q’ M ’aq’5m> 27 95° (24)
where g—% denotes the Lions derivative (derivative with respect to the measure).

Remark 7.1. The master equation:
(i) Incorporates the HIB equation for the representative agent
(ii) Captures the feedback from the distribution through the minimum spread Omin(m)

(iii) Provides a complete characterization of the mean-field equilibrium

8 Terminal and Boundary Conditions

Definition 8.1 (Terminal Condition). The terminal condition for the value function is:
V(T,q,5,1) = —7¢* (25)

where v > 0 is the terminal penalty parameter.

This condition reflects the cost of holding inventory at the terminal time, providing an
incentive for the market maker to reduce inventory exposure as time approaches 7.



9 Summary of the Mean-Field Game System

The complete mean-field game system for competitive market making consists of:

9.1 Forward-Backward System
(1) HJB Equation (Backward):

ov . . 1 ,0°V 2 _
EJr"H(q,@qV,u)JriU 5g2 ~ %4 =0 (26)

with terminal condition V (T, q,S) = —vq>.

(2) Fokker-Planck Equation (Forward):

alu’ 0 ax _ ybx _
E*a@(“ A )u>_0 (27)

with initial condition ©(0,q) = po(q)-

9.2 Key Formulas

Quantity Formula

Arrival Intensity A5 ) = Aexp (—k(0 — dmin))
Optimal Ask Quote 0P =00+ % + %log(l +k0o,V)
Optimal Bid Quote g =60+ % - %log(l —k9,V)
Optimal Ask Intensity ¥ = e(lJrA;f@qV)
Optimal Bid Intensity b = e(l—A;fﬁqV)
Terminal Condition V(T,q,S, 1) = —vq*

10 Conclusion

We have presented a complete mathematical formalization of the mean-field game for competi-
tive market making. The framework captures:

e Competition through price-dependent arrival intensities

e Optimal quote strategies in closed form

e The coupled HJB-Fokker-Planck system characterizing the mean-field equilibrium

e The master equation for the full system dynamics

This formalization provides a rigorous foundation for analyzing competitive dynamics in
high-frequency market making and for developing numerical methods to compute mean-field
equilibria.
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