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Abstract

We present a rigorous mathematical formulation of the optimal market making prob-
lem driven by multidimensional Hawkes processes under an impulse control framework. The
model incorporates self-exciting order flow dynamics, inventory risk management, and strate-
gic order placement. We derive the Hamilton-Jacobi-Bellman quasi-variational inequality
(HIB-QVI) characterizing the value function and establish the terminal boundary condition
for the optimization problem.

1 Introduction

Market making involves continuously providing liquidity by posting bid and ask quotes. The
arrival of market orders exhibits clustering behavior, where trades tend to trigger subsequent
trades. This phenomenon is naturally captured by Hawkes processes [?], which are self-exciting
point processes.

The foundational work on optimal market making was established by Avellaneda and Stoikov
[?], who derived closed-form solutions under diffusive price dynamics. Subsequent research has
incorporated more realistic order flow models, including Hawkes processes [?, ?]. The application
of Hawkes processes to high-frequency finance has been extensively studied [?, ?7].

In this paper, we formulate the optimal market making problem as an impulse control prob-
lem [?, ?]. The market maker chooses discrete intervention times to adjust their quotes, balancing
the trade-off between capturing the bid-ask spread and managing inventory risk. This approach
extends the continuous control framework to allow for discrete strategic interventions [?].

2 Multidimensional Hawkes Process

2.1 Parameters

Let d € N denote the dimension of the Hawkes process. The process is characterized by the
following parameters:

Definition 2.1 (Hawkes Parameters). The parameter set © = (i, «,y) consists of:

w:A{l,...,d} - Rso, (baseline intensity) (1)
a:{l,....d} x{1,...,d} = R>p, (excitation coefficients) (2)
v:{l,...,d} x{1,...,d} = Rsg. (decay rates) (3)



2.2 Intensity Function

Definition 2.2 (Hawkes Intensity). Let {7} ,gj )}k21 denote the sequence of jump times for the
j-th component. The intensity of the i-th component at time ¢ is defined as:
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Theorem 2.1 (Explicit Representation). The intensity function admits the equivalent repre-

sentation: .
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where N;(t) = ZkZI 1{T}5j)§t} is the counting process for the j-th component.
Proof. By the definition of the Lebesgue-Stieltjes integral with respect to the counting measure:
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Since the Hawkes process has no simultaneous jumps almost surely, and we consider the left-
continuous version of the intensity (predictable), the two representations coincide. ]

3 Market State Space

3.1 State Variables
Definition 3.1 (Market State). The market state S € S is a tuple:
S = (X7 }/7 Pmid7 )‘7p7 q,4D, ’I’l),
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where:

X € R (cash position),
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Y € R (inventory position),
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Prpiq € Ryo  (mid-price),
A:{l,...,d} = R>¢ (current intensities),
p:{a,b} - R (quoted prices),
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q:{a,b} - R>p (quoted quantities),
gp : {a,b} = R>¢ (market depths),
n:{a,b} = R>o (order counts).
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Here, a denotes the ask side and b denotes the bid side.

4 Infinitesimal Generator

4.1 Generator Parameters
For computational tractability, we consider a simplified parameterization:

Or = (p,a,v) : {1,...,d} = R, (17)



where each component has its own baseline intensity pu;, self-excitation coefficient «;, and decay
rate ;.
4.2 Transition Operators

Let T; : S — S denote the transition operator when a jump occurs in the i-th component. After
a jump, the intensity updates according to:

v i =i,
e SV (19)
Aj otherwise.

Definition 4.1 (Infinitesimal Generator). For a sufficiently smooth function ® : [0,7] xS — R,
the infinitesimal generator £ is defined as:
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ﬁ(I)(t, S) = E(t, S) + ﬁjump(:[)<t7 S) + ﬁdrift(I)(tv S)u (19)
where the jump component is:
d
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and the drift component captures the mean-reversion of intensities:
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Remark 4.1. The drift term ~;(u; — A;) arises from the Ornstein-Uhlenbeck-type dynamics of
the intensity between jumps:

dX;
dt

= (A — ), te (@, 1) (22)

5 Impulse Control Formulation

5.1 Control Space

Let U denote the set of admissible controls. An impulse control strategy consists of:
e A sequence of intervention times {7y }x>1 with 7, < 711,
e A sequence of control actions {ug}r>1 with u; € U.

5.2 Intervention Operator

Definition 5.1 (State Transition under Intervention). Let I' : S x &/ — S denote the state
transition function under intervention. For a control action w € U:

St =T(S,u). (23)

Definition 5.2 (Intervention Cost). Let K : S x i/ — R denote the cost (or reward) associated
with an intervention:

K (S,u) = (immediate payoff from executing control u in state .S). (24)

Definition 5.3 (Intervention Operator). The intervention operator M acting on the value
function V' is defined as:

MV (t,S) = 21615 {V(t,T(S,u)) + K(S,u)}. (25)



6 Hamilton-Jacobi-Bellman Quasi-Variational Inequality

6.1 Value Function

The value function V' : [0,7] x S — R represents the optimal expected payoff starting from time
t in state S:

V(t,S) = sup E MTf(sS)ds +(5r)| S = 5] , (26)
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where II denotes the set of admissible impulse control strategies.

6.2 HJB Quasi-Variational Inequality

Theorem 6.1 (HJB-QVI). The value function V satisfies the following quasi-variational in-
equality:
min {—-LV (¢, S), V(t,S) — MV (t,5)} =0, (27)

for all (¢,5) € [0,T) x S.

Remark 6.1. The QVI has the following interpretation:
e Continuation region: {(¢,5): V(¢,S) > MV (t,S)}, where —LV = 0.
e Intervention region: {(¢,5) : V(¢,5) = MV (t,S)}, where immediate intervention is
optimal.

7 Market Making Specification

7.1 Market Parameters

Definition 7.1 (Market Parameters). The market making problem is characterized by:

n € R>p (running inventory penalty coefficient), (28)

k € R>g (terminal inventory penalty coefficient). (29)

7.2 Running Cost
Definition 7.2 (Running Cost). The running cost function penalizes inventory risk:

F(S) = —n-¥?, (30)
where Y is the inventory position.

Remark 7.1. The quadratic penalty —nY? captures the market maker’s aversion to holding
large inventory positions, which expose them to adverse price movements.

7.3 Terminal Payoff

Definition 7.3 (Terminal Payoff). At the terminal time 7T, the market maker liquidates their
position at the mid-price with a penalty:

g(S) =X +Y - Ppig — k- Y2 (31)

Remark 7.2. The terminal payoff consists of:
e X: accumulated cash from trading,
e Y . Puiq: mark-to-market value of inventory,
e —kY?: liquidation cost penalty for non-zero terminal inventory.



7.4 Specific HIB-QVI

Theorem 7.1 (Market Making HIB-QVI). The value function for the optimal market making
problem satisfies:
min {-LV(t,S) — f(5), V(t,5) — MV (t,5)} =0, (32)

which expands to:
min {-LV (¢, S) + nY?, V(t,5) — MV (t,5)} = 0. (33)
7.5 Terminal Condition

Theorem 7.2 (Terminal Boundary Condition). The value function satisfies the terminal con-
dition:
V(T,8)=g(S) =X +Y - Puia— K- Y?, (34)

for all S € S.

8 Summary

We have presented a complete mathematical formulation of the optimal market making problem
with Hawkes process dynamics under an impulse control framework. The key components are:
1. Hawkes Process Dynamics: The intensity function
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2. Infinitesimal Generator:

d
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3. Intervention Operator:

MV (t,S) =sup{V(t,I'(S,u)) + K(S,u)}. (37)
uel
4. HIB-QVI:
min {—LV +nY?, V — MV} = 0. (38)
5. Terminal Condition:
V(T,S) =X +Y - Ppiq — kY2 (39)

This formulation provides the foundation for numerical solution methods and further ana-
lytical study of optimal market making strategies under self-exciting order flow dynamics.
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